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Abstract. We consider the regularity of sample paths of Volterra processes. These processes are defined as 
stochastic integrals 



ft 

M{t)^ I F{t,r)dX{r), t G ]R+, 







, where X is a semimartingale and is a deterministic real- valued function. We derive the information on the 
modulus of continuity for these processes under regularity assumptions on the function F and show that M{t) 
has "worst" regularity properties at times of jumps of X{t). We apply our results to obtain the optimal Holder 
exponent for fractional Levy processes 

> 

^ ; 1 Introduction and main results 

a\ ■ 

"Tj- ■ 1.1 Volterra Processes 

] A Volterra process is a process given by 

M{t)^ f F{t,r)dX{r), t e (1.1) 
Jo 

where {X{t)}t>o is a semimartingale and F(t, r) is a bounded deterministic real- valued function of two variables 
. , which sometimes is called a kernel. One of the questions addressed in the research of Volterra and related 
■ processes is studying their regularity properties. It is also the main goal of this paper. Before we describe 
our results let us give a short introduction to this area. First, let us note that one-dimensional fractional 
processes, which are the close relative of Volterra processes, have been extensively studied in the literature. 
One-dimensional fractional processes are usually defined by 

/oo 
F{t,r)dL{r), (1.2) 
-oo 

where L{r) is some stochastic process and F(i, r) is some specific kernel. For example in the case of L{r) being a 
two-sided standard Brownian motion and F{t, r) = r(H+i/2) ((^ ~ '^)+ ^ (^■5)+ ^''^^ i ^ is called fractional 
Brownian motion with Hurst index H (see e.g. Chapter 1.2 of and Chapter 8.2 of [11]). It is also known that 
the fractional Brownian motion with Hurst index H is Holder continuous with any exponent less than H (see 
e.g. [5]). Another prominent example is the case of fractional a-stable Levy process which can be also defined 
via (|1.2p with L{r) being two-sided a-stable Levy process and 

F{t,r) = a{{t - r)% {~r)%} + b{{t r)l - (-r)l}. 
Takashima in [15j studied path properties of this process. Takashima set the following conditions on the 
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parameters: l<a<2, 0<d<l — a ^ and — cxd < a,b < oo, \a\ + \b\ ^ 0. It is proved in [TS] that X is a 
self-similar process. Denote the jumps of L[t) by AL(i): Ai(t) = L(t) — L{t—), —cxd < i < oo. It is also proved 
in [13] that: 

lim{X{t + h)-X{t))h-''^aAL(i:.), < t < 1, P - a.s., 

hl-O 

\h-n{X (t) - X{t- h))h-'^ = ~bAL{t), 0<t<l, P-a.s. 
Note that in his proof Takashima strongly used the self-similarity of the process X. 

Another well-studied process is the so-called fractional Levy process, which again is defined via (|1.2p for a 
specific kernel F{t,r) and L{r) being a two-sided Levy process. For example, Marquardt in [TU] defined it as 
follows. 

Definition 1.1 (Definition 3.1 in UOf ): Let L = {^(^)}teK be a two-sided Levy process on R with E[L(l)] = 0, 
E[L{1)'^] < oo and without a Brownian component. Let F[t,r) he the following kernel function: 

nt.r)^^^[it-r)l-i^r)iY 

For fractional integration parameter < d < 0.5 the stochastic process 

/oo 
F{t,r)dLr, teR, 

is called a fractional Levy process. 

As for the regularity properties of fractional Levy process M^j defined above, Marquardt in [TU] used an isometry 
of AI(i and the Kolmogorov continuity criterion in order to prove that the sample paths of are P-a.s. local 
Holder continuous of any order jS < d. Moreover she proved that for every modification of Md and for every 
13 >d: 

P({c^er!:Md(-,w) ^C"3[a,6]}) >0, 

where C^[a, h] is the space of Holder continuous functions of index /3 on [a, h]. Note that in this paper we are 
going to improve the result of Marquardt and show that for d G (0, 0.5) the sample paths of Md are P-a.s. 
Holder continuous of any order l3 < d. 



The regularity properties of the analogous multidimensional processes have been also studied. For example, 
consider the process 

M{t)= I F{t,r)L{dr), t e R^ , (1.3) 

where L{dr) is some random measure and P is a real valued function of two variables. A number of important 
results have been derived recently by Ayache, Roueff and Xiao in [1], [2], on the regularity properties of M{t) 
for some particular choices of F and L. As for the earlier work on the subject we can refer to Kono and Maejima 
in [S] and [B]. Recently, the regularity of related fractional processes was studied by Maejima and Shieh in [Tj. 
We should also mention the book of Samorodnitsky and Taqqu |13j and the work of Marcus and Rosihsky in 
[S] where the regularity properties of processes related to M(t) in (|1.3p were also studied. 



1.2 Functions of Smooth Variation 

In this section we make our assumptions on the kernel function P(s, r) in (|l.ip . First we introduce the following 
notation. Denote 

/'"'"H^^O^ ^lIg^t'^ Vn,™ = 0,l,.... 
We also define the following sets in H^: 

E = {(s, r) : — oo < r < s < oo}, 

E = {(s, ?') : — oo < r < s < oo}. 

We denote by if a compact set in E, E or R, depending on the context. We define the following spaces of 
functions that are essential for the definition of functions of smooth variation and regular variation. 



3 



Definition 1.2 Let C^^(-E) denote the space of functions f from a domain E in to satisfying 

1. f is continuous on E; 

2. f has continuous partial derivatives of order k on E. 

3. f is strictly positive on E . 

Note that functions of smooth variation of one variable have been studied extensively in the literature; [4] is 
the standard reference for these and related functions. Here we generalize the definition of functions of smooth 
variation to functions on R^. 

(1) 

Definition 1.3 Let p > 0. Let f e C:;' {E) satisfy, for every compact set iiT C R, 
a) 

hf<^^^^){t,t-h) 



lim sup 

'40 t^K 



c) 



d) 



lim sup 

'40 ti^K 



f{t,t-h) 
hf^^'°\t + h,t) 



lim sup 



lim sup 

'40 teK 



f{t + h,t) 
h^f(''^\t,t-h) 



= 0, 



0, 



f{t,t-h) 
h^f(°'^\t,t-h) 



f{t,t^h) 



= 0, 



= 0. 



Then f is called a function of smooth variation of index p at the diagonal and is denoted as f £ SR'^{0+). 

It is easy to check that / S SRl^{0+), for p > satisfies f{t,t) = for all t. The trivial example for a function 
of smooth variation SR^{0+) is f{t,r) = (t — r)f. Another example would be f{t,r) = [t — 7-)''|log(t — r)|'' 
where 77 6 R. 



1.3 Main Results 

Convention: From now on we consider a semimartingale {X{t)}t>Q such that X(0) = P-a.s. Without loss 
of generality we assume further that X(0— ) = 0, P-a.s. 

In this section we present our main results. The first theorem gives us information about the regularity of 
increments of the process M . 

Theorem 1.4 Let F{t,r) be a function of smooth variation of index d £ (0, 1) and let {X{t)}t>o be a semi- 
martingale. Define 



Then, 



lim 



M{t) = / F{t,r)dX{r), t > 0. 
Jo 

M{s + h)^ M{s) 



HO F{s + h, s) 
where Ax{s) = X{s) - X{s-). 



= Ax(s), Vse[0,l], P-a.s., 



Information about the regularity of the sample paths of M given in the above theorem is very precise in the 
case when the process X is discontinuous. In fact, it shows that at the point of jump s, the increment of the 
process behaves like F{s + h, s)Ax{s). 

In the next theorem we give a uniform in time bound on the increments of the process M. 
Theorem 1.5 Let F{t,r) and {AI{t)}t>o be as in Theorem \1.4\ Then 

\M{t) - M(s) 



lim sup , , 

''-I'O 0<s<t<l, |t-s|</l ^ S) 



sup |Ax(s)|, P — a.s. 
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Our next result, which in fact is a corollary of the previous theorem, improves the result of Marquardt from 

m- 

Theorem 1.6 Let d G (0,0.5). The sample paths of {Mj^(t)}tyQ, a fractional Levy process, are P-a.s. Holder 
continuous of order d at any point t E R. 

In Sections I2I3I we prove Theorems 11.41 , 11.51 In Section 2] we prove Theorem 11.61 

2 Proof of Theorem 11.41 



The proof of Theorems II .41 and 11.51 uses ideas of Takashima in [15], but does not use the self-similarity assumed 
there. 



The goal of this section is to prove Theorem 11.41 First we prove the integration by parts formula in Lemma 12.11 
Later, in Lemma |2.2[ we decompose the increment M(t + h) — M{t) into two components and then we analyze 
the limiting behavior of each of the components. This allows us to prove Theorem ll.4l 

In the following lemma we refer to functions in G^^'>{E), which is the space of functions from Definition ll.2[ 
without the condition that / > on E. It is easy to show that functions of smooth variation satisfy the 
assumptions of this lemma. 

Lemma 2.1 Let X be a semimartingale such that X{Q) = a.s. Let Fit, r) he a function in C'-^-'(i?) satisfying 
F{t,t) = for all t G E. Denote f{t,r) = F^°^^\t,r). Then, 

t pt 
F{t,r)dX{r) = - f{t,r)X{r)dr, P-a.s. 
/o J a 

Proof: Denote Ft{r) = F{t,r). By Corollary 2 in Section 2.6 of [12] we have 

' Ft{r-)dX{r) = X{t)Ft{t) - f X(r~)dFt{r) ~ [X,Ft]t. (2.1) 
Jo 

By the hypothesis we get X{t)Ft{t) = 0. Since Ft{-) has continuous derivative and therefore is of bounded 
variation, it is easy to check that [X,Ft]t = 0, P-a.s. ■ 

Convention and Notation 

In this section we use the notation F{t,r) for a smoothly varying function of index d (that is, F G 5*^^(0+)), 
where d is some number in (0, 1). We denote by f{t,r) = F^^'^\t,r), a smooth derivative of index d — 1 and let 
SD'^_-^^{0+) denote the set of smooth derivative functions of index d — 1. 

In the following lemma we present the decomposition of the increments of the process Y(t) that will be the key 
for the proof of Theorem 11.41 

Lemma 2.2 Let 



Then we have 
where 

and 



Y{t)= / f{t,r)Xir)dr, t>0. 
Jo 

Y{t + 6)-Y{t)^ Ji{t,v,S) + J2{t,v,S), Vt>0, S>0, 

Ji{t,v,5)=5 I f{t + d,t + S-5v)X{t + S-5v)dv (2.2) 







ft/S 

J^{t, v,5)^5 / [f{t + 5,t~5v)- f{t, t - Sv)]X{t - Sv)dv. (2.3) 
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Proof: For any t G [0, 1], (5 > we have 



Y{t + S)-Y{t) 



t+s 



f{t + S,r)X{r)dr - f{t,r)X{r)dr 



(2.4) 



t+s 



f{t + 5,r)X{r)dr+ / [fit + 6,r)-f{t,r)]X{r)dr. 



By making a change of variables we are done. 

The next propositions are crucial for analyzing the behavior of Ji and J2 from the above lemma. 
Proposition 2.3 Let f{t,r) G S'Z3^_ j^(0+) where d G (0, 1). Let X{r) be a semimartingale. Denote 

f{t + S,t~Sv)-f{t,t-Sv) 



gsit,v) = 



f{t + 5,t) 



Then 



lim 

SiO 



t/5 



gs(t, v)X(t - Sv)dv + -X{t-) 
d 



ie[0, 1], w > 0, 5>0. 



= 0, VtG[0, 1], P-a.s. 



Proposition 2.4 Let f{t,r) G SD'^_^{Q+) where d G (0, 1). Let X{r) be a semimartingale. Denote 

fs{t,v)= -^^'^f:':'f-'"\ tG[0,l], v>0, 5>0. 



Then 



lim 

54,0 



fit + 5,t) 



fs{t, v)X{t + 5{l - v))dv - -X(t) 



= 0, G [0,1], P-a.s. 



We first give a proof of Theorem 11.41 based on the above propositions and then get back to the proofs of the 
propositions. 



Proof of Theorem II. 4t From Lemma 12.11 we have 

M{t + 5)- M{t) = -{Y{t + 5)- P - a.s. 

where ^ 

y{t)= [ f{t,r)X{r)dr. 
Jo 

By Lemma [2.21 for every t > 0, S > 0, we have 

Y{t + 5)^ Y{t) = Ji{t, V, 6) + J2 {t, V, <5), 

For the first integral we get 



(2.5) 



(2.6) 



Ji{t,v,S) 
5f{t + S,t) ' Jo 

Now we apply Proposition 12.41 to get 



fsit,v)X{t + S{l-v))dv. 



. Ji{t,v,S) 1 



For the second integral we get 



5™ Sf{t + 5,t) d 



Ut,v,8) f'/' 



-X(t), yt G [0,1], P-a.s. 



By Proposition 12. 31 we get 



Sfit + 6,t) 
J2{t,v,S) _ 1 



gsit, v)X(t — 5v)dv. 



^sfi^ Sf{t + S,t) 



--X(t-), Vt G [0,1], P-a.s. 



(2.7) 



(2.8) 



(2.9) 
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Combining (^77)) and with ((^ wc get 

Recall that i^(°'^^(t,r) = f{t,r) where by our assumptions F £ SR^{0+). It is trivial to verify that 

F{t,t-h) 1 



lim sup 

'iJ-O te[o,i] 



hf{t,t~h) d 



= 0. 



Then by (piU)) and (P1T|) we get 

M(t + 5)-M(i) 
hm —, — ^ 

Sio F{t + 5, t) 



= Ax(t), e [0,1], P- a.s. 



(2.10) 



(2.11) 



(2.12) 



Now we are going to prove Propositions 12.31 and 12.41 First let us state two lemmas which are dealing with 
the properties of functions fs and gs . We omit the proofs as they are pretty much straightforward consequences 
of the properties of smoothly varying functions. 

Lemma 2.5 Let f{t,r) G 5'D^„j(0+) where d £ (0,1). Let gs{t,v) be defined as in Provosition \2.3[ Then for 
every ho e (0, 1] 



(a) 



(b) 



(c) 



(d) 



ft/S 

lim sup / \gs{t,v)\dv ^ 0; 

ha<t<lJho/5 



lim sup 

HO 0<t<l 



lim sup 

■5^0 ho<t<l 



lim sup 

■5^0 ha<t<l 



ho/S 



gs{t,v)dv + - 



t/s ^ 
gs{t,v)dv + - 



ho/& 2 

\gs{t,v)\dv 



0. 



/o d 

Lemma 2.6 Let f{t,r) e SDj_j^{0+) where d e (0,1). Let fs(t,v) be defined as in Proposition \2.4\ Then, 
(a) 

/•I 1 

= 0; 



(b) 



lim sup 

"54-0 0<t<l 



lim sup 

SiO o<t<l 



\fsit,v)\dv-^ 



fs{t,v)dv 



Now we will use Lemmas 12. 5[ l2.6l to prove Propositions 
notation for the suprcmum norm on cadlag functions on [0,1 



At this point wc also need to introduce the 



loo - sup \f{t)\, feDR[0,l], 

0<t<l 



where Dji[0, 1] is the class of real valued cadlag functions on [0, 1]. Since X is a cadlag process we have 

||X||oo<oo, P-a.s. (2.13) 
Note that for every / C R, Db{L) will denotes the class of real- valued cadlag functions on /. 
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Proof of Proposition 12. 3t Let us consider the following decomposition 

t/5 -, .t/S 

gsit,v)X{t-5v)dv + -X(t-) = / gs{t,v)[X{t^ Sv) - X{t~)]dv (2.14) 

+ X{t-)iJ^ gs{t,v)dv + - 
=: .h{5,t) + .h{5,t). 

By (|2.13|) and Lemma [275F c) we immediately get that for any arbitrarily small > 0, we have 

lim sup I J2((5, i)| = 0, P — a.s. 

ho<t<l 

Since ho was arbitrary and X(0— ) = X{Q) = 0, we get 

lim|J2((S,i)l = 0, Vte[0, 1], P - a.s. 

Now to finish the proof it is enough to show that, P — a.s., for every t € [0, 1] 

lim|Ji(<5,t)|=0. (2.15) 

04-0 

For any ho £ [0, t] we can decompose Ji as follows 

JiiS,t) = / gs{t,v)[X{t^ 5v) ^ X{t-)]dv+ gsit,v)[X{t ^ 5v) - X{t-)]dv 



Jo Jho/S 

= : Ji,i{5,t) + Ji;2{5,t). (2.16) 

Let e > be arbitrarily small. X is a cadlag process therefore, P — a.s. cj, for every t e [0, 1] we can fix ho £ [0, t] 
small enough such that 

\X{t- 5v,uj)- X(t-,uj)\<e, for all w e (0,/io/(^]. (2.17) 

Let us choose such ho for the decomposition (|2.16p . Then by p.l7p and Lemma I2.5r d) we can pick 6' > Q such 
that for every 5 G (0, 5') we have 

|Ji,i('5,i)| < ^■ (2.18) 
Now let us treat Ji,2- By (|2.13p and Lemma [2?5r a) we get 

|^i,2(<5,i)| < 2||X|U / \gs{t,v)\dv (2.19) 

Jha/S 

— !■ 0, as (5 4, 0, _P— a.s. 

Then by combining (|2.18p and (|2.19p . we get (|2.15p and this completes the proof. ■ 

Proof of Proposition 12. 4t We consider the following decomposition 

1 ^ .1 

fs{t,v)X{t + 5{l-v))dv--X{t) = f,{t,v)[X{t + 5{l-v))-X{t)]dv 

+ X(i)(^^ fs{t.v)dv--^ 
=: Ji{6,t) + J2{S,t). 

Now the proof follows along the same lines as that of Proposition 12.31 By (|2.13p and Lemma I2.6f b) we have 

hm sup \J2{S,t)\~0, P — a.s. 

"5-10 o<t<l 
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Hence to complete the proof it is enough to show that, P — a.s., for every t G [0, 1] 

lim|Ji(<5,t)|=0. 

Let e > be arbitrarily small. X is a cadlag process; therefore, P — a.s. w, for every t £ [0, 1] we can fix ft-o 
small enough such that 

\X{t + 5{l-v),uj)-X{t,uj)\<e, for ah u e (0,/io/(5]. (2.20) 
Then by (|2.20[) and Lemma I2.6f a) we easily get 

\un\Ji{5,t)\=Q. Vie [0,1], P - a.s. 

(54,0 



Then by Lemma [2.21 we get: 

Y{s + 5)-Y{s) Jiis,v,S) ^ J2{s,v,S) 



Sf{s + 6,s) 5f{s + S,s) df{s + 6,s)' 

Recall that Ji and J2 are defined in (12. 2p and 



3 Proof of Theorem 11.51 

Recall that by Lemma 12.11 we have 

M{t) - M{s) ^ -{Y{t) -Y{s)), 0<s<t, (3.1) 

where ^ 

Yis) = / fis,r)X{r)dr, s > 0. 



6>0. (3.2) 



Convention: Denote by F C the set of paths of X{-,u!) which arc right continuous and have left limit. By 
the assumptions of the theorem, P{T) = 1. In what follows we are dealing with w £ F. Therefore, for every 
e > and t > there exists r] = ri{e, t, w) > such that: 

\X{t-)-X{s)\ < e, for all se[t-r],t), (3.3) 
\X{t)-X{s)\ < e, for all se[t,t + -ri]. 

Let us fix an arbitrary e > 0. The interval [0, 1] is compact; therefore there exist points ti, . . . ,tm that define a 
cover of [0, 1] as follows: 

ni 
k=l 

where we denote 77^ = ri{e,tk)- Note that if Ax(s) > 2e then s = tk for some k. 
We can also construct this cover in a way that 

,(^^-f)>ii- (3-4) 

Also since X{t) is right continuous at 0, we can choose ti sufBciently small such that 

sup \X{t)\<e. (3.5) 
te(o,ti+^) 

Denote: 

Bk = {h~rjk,tk+Vk), S* = (<,-|^,ife + ^). (3.6) 

Note that the coverings Bk and we built above are random — they depend on a particular realization of X . 
For the rest of this section we will be working with the particular realization of X(-,uj), with lj € T and the 
corresponding coverings Bk, B^. All the constants that appear below may depend on w and the inequalities 



should be understood P-a.s. 

Let s,t G BT and denote S = t — s. Recall the notation from Propositions 12.31 and 12.41 Let us decompose 



6f(s+S,s) ' 



i 1, 2, as follows: 

Ji{s,6) + J2{s,S) 
Sf{s + 6,s) 



X{tk- 
+ Axitk 



1 ns/S 

f5{s,v)dv+ / gs{s,v)dv 



1 .s/S 



+ / f5{s,v)l[,+sii-v)<t,}[X{s + S{l-v))-X{tk-)]dv 
Jo 

l-s/S 

+ / g5{s,v)t[s-Sv<t,}[X{s-Sv)-X{tk-)]dv 
Jo 

+ I fs{s,v)l[s+6{i-v)>u}[X{s + S{l-v))-X{tk+)]dv 
Jo 

+ / gs{s,v)tis-Sv>t,}[X{s-Sv)~X{tk+)]dv 



=: Di{k, s, S) + D2{k, s,d) + ... + De{k, s, S), 

where 1 is the indicator function. The proof of Theorem II . 5 1 will follow as we handle the terms _Di, i = 1, 2, . . . , 6 
via a series of lemmas. 



Lemma 3.1 There exists a sufficiently small Hg j\ > such that 



\D,ik,s,S)\<[\Xitk-)\ + -]e, VfcG{l,...,m}, s e Bl, <5 e (0, 



(3.7) 



Proof: By Lemma l2.5r c). Lemma l2.6f b) and by our assumptions on the covering we get p.7p for = 2, . . . , to 
As for /c = 1, we get by p.Sp 

|X(ti-)|<e. 

By Lemma r2.5f b') we have 

(ti+'?i)/'5 I 



sup 

0<s<l 



gs{s, v)dv + 



< e/2. 



(3.8) 
(3.9) 



Hence by Lemma [STSF c). (|3.8p and p.9p . for a sufficiently small 6, we get 



iti+ni)/s 



\g5is,v)\dv 



sup \Di{l,s,S)\ < e sup < / fs{s,v)dv 

sS-BI sG-Bi* I Jo 

4 

and (|3.7|) follows. 

To handle the term we need the following lemma. 

Lemma 3.2 Let gs{s^v) and fs{s,v) be defined as in Provositions \2. and \2.4\ Then there exists g g| > such 
that for all S G {0,' 



< - + e, V/c > 1, s e [0,1]. 



1 j-s/S 



'0 JO 

Proof: We introduce the following notation 



his,S)= / f5is,v)l[s+s{i-v)>tk}dv, 
Jo 
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Jo 

From Definition II. 3[ it follows that there exists hi > 0, such that for every 6 € hi, v G (0, 1^) and s e [0,1] 

gs{s,v) < 0, (3.10) 

and 

fs{s,v) > 0. (3.11) 
By Lemma [2. 5f a), we can fix a sufficiently small h2 G (0, hi/2) such that for every 5 g (0, /12), we have 



,/5 



\gsis,v)\dv<e/2, Vs e [/ii/2, 1], 



//ii/(25) 

where e was fixed for building the covering {-B^j^Li- Then, by (|3.12p . we have 

\Ii{s,6)+l2{s,S)\ < h 

for aU s e [0,1], S G (0,/i2). 
By (|XTT|) and the choice of /12 G (0, we get 



-£/2, 



/i(s,'5) > 0, Vs G [0,1], S G (0,/i2). 



By (Pl^ we have 



55(s,^^)l{,<£^}rfv < 0, V.sG[0,l], (5G(0,/i2). 



Then by QJ^, ((XTl) and ([XTC]) we get 



|/i(s, (5) 4-/2(3, 5)1 < max<{ j fs{s,v)dv, 



gsis,v)dv 



+ e/2 



for all s G [0, 1], (5 G (0,/i2). 



By (|3.16p . Lemma [2^ b) and Lemma [275F d) we can fix / ^g^ sufficiently small such that 



and we are done. 
Note that 



\Ii{s,S)+l2is,6)\ <-:+e 
d 



1 .s/S 

Jo 



\D2ik,s,d)\^Axitk) 

Then the immediate corollary of Lemma 13.21 and p.l7p is 
Corollary 3.3 

\D2{k,s,S)\<\Ax{tk)\{e + ^), Vfc G {1, . . . , m}, sG[0,l], (5 G (0, 



One can easily deduce the next corollary of Lemma 13.21 
Corollary 3.4 There exists hr^^> such that 



sup\D2ik,s,d)\-\Ax{tk)\^\<e\Ax{tk)\, Vfc G {1, . . . , m}, ^ G (0, 



s6B 



(3.12) 



(3.13) 



(3.14) 



(3.15) 



(3.16) 



(3.17) 



(3.18) 
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Proof: By Corollary [33] we have 



sup \D2{k,s,S)\< \ Ax {tk)h + \ Ax itk)\s, Vfe e {1, . . . , m}, sg[0,1], d e (0, 
seB* " 

To get (|3.18p it is enough to find s G and 1 ^^^ € (0, / ^^^ such that for all S e (0, / ^^^ . 

\D2ik,s,S)\ > \Ax{tk)\^-\Axitk)\£, Vfce {1,...,™}. 

By picking s = we get 

\D2ik,tk,S)\ 

Then by Lemma r2.6f b). p.l9p follows and we are done. 

The term iD^^k, s,S)\ + \Dz{k, s, 5)\ is bounded by the following lemma. 
Lemma 3.5 There exists a sufficiently small / ^g g| such that 

\D3ik,tk,S)\ + \D^{k,tk.S)\<e-^, Vfce{l,...,m}, s G B,!, VJg(0,/^ 
Proof: By the construction of Bk we get that 



Ax{tk) I fs{tk,v)dv 





\D^(k,s,5)\<£ I \fs{s,v)\t{s+5(i-v)<tk}dv, Vs e B^., fc = {l,...,m}, 5 € {0,r]k/2), 
Jo 



and 



D5{k,s,S)\<£ \fsis,v)\t{s+5ii-v)>tk}dv, \/s e Bl, fc = {l,...,m}, S e {0,i]k/2). 



From dSSQl), (|3:2T|) we get 



\D3{k,s,S)\ + \D5{k,s,6)\<2e \fs{s,v)\dv, V fc = {1, . . . , m}, s e B^ 6 & (0,^/2). 



(3.19) 



(3.20) 



(3.21) 



By Lemma [2]6l[a) the result follows. 

\D4{k, s,d)\ is bounded in the following lemma. 

Lemma 3.6 There exists (j\ > such that for all 5 G (0, 



\D4{k,s,S)\<e{- + 2\\X\\^), VseBl, fcG{l,...,m}. 



(3.22) 



Proof: Let e > be arbitrarily small and fix fc G {1, . . . ,m}. First we consider the case s — tk > 0, fc G 
{1, . . . ,m}. 







gs{s,v)li,_s^,^t^^[X{s - Sv) - X{tk~)]dv 



(3.23) 



n(s-tfc)/5+r,fc/(25) 

< / \gs{s,v)\\X{s^Sv)-X{tk^)\dv 



l{t,>r„/2}35(s, v)[X{s - 8v) - X{tk-)]dv 



:= |/i(fc,s,^)| + |/2(fc,.s,<5)|. 
Note that the indicator in /2(fc, s, 6) makes sure that s/5 > (s ~ tk)/5 + rjk/{2S). 
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By the defintion of Bk in p.6|) and by Lemma I2.5f d') there exists hi > such that for every 5 G (0,/ii) 
we have uniformly on s G B^, f][tk, 1] 

Mk,s,S)\ < -e. (3.24) 
a 

By Lemma r2.5r a'). there exists /12 G (0, /ii) such that for every 8 G (0, /12) we have uniformly on s G {^k-, 1] 
(note that if < ?/fc/2 then /2(fc, s, (5) = 0) 

|/2(fc, 5,(5)1 < 2||XlUe. (3.25) 

By (13221), (IX^ and we get (jX^ . 

Consider the case s < tk, s G -B^, fc G {1, . . . , m}. Then we have 

rVk/{2S) 

gsis,v)l{s-Sv<tk}[^is - 6v) - X{tk~)]dv = / 55(s,w)[X(s - (5v) - X(ifc-)](ii; 

Jo 

7-5 

gs{s,v)[X{s~Sv)-X{tk~)]dv 

=: Ji(fc,s,(5) + J2(fc,s,(5). (3.26) 

Note that if w G (0,77^/(2(5)), s < tk and s G -B^, then s — (5i; G (t/c — rjkjtk)- Hence, by the construction of Bk 
we have 

sup \X{s-Sv)-X{tk-)\<e, Vs<tfe, s e B^. (3.27) 

«6(0,>)fc/(25)) 

By p.27p and Lemma I2.5f d). there exists /i4 G (0, /is) such that 

\Ji{k,s,S)\ < e\ V(5G(0,/i4), s<tfc, s G JSjJ, fcG{l,...,m}. (3.28) 

By Lemma r2.5f a). exists / ^gyg] G (0, /14) such that 

|J2(fc,.s,J)| < 2\\X\\^e, V,5g(0,/^, .s<tfc, s G B^, fcG{l,...,m}. (3.29) 
By combining ((X^ and ((X^ with (jX^ . the result follows. h 

|£'6(fc, s, <5)| is bounded in the following lemma. 



Lemma 3.7 There exists / |g y| > such that for all 6 G (0, / jg yj ).- 



\De{k,s,S)\<'^, VseBl fcG{l,...,m}. 

Proof: Recall that 

S: = (ifc-y,t. + y), fcG{l,...,m}. 

Note that 

|D6(fc,s,(5)| =0, V.SG (<fc-^,ifc], fcG{l,...,m}. (3.30) 
Hence we handle only the case oi s > tk, s £ B^,. One can easily see that in this case 

De{k,s,S) = / gsis,v)[X{s-Sv)-X{tk+)]dv. 
Jo 

Then by the construction of , for every s G -B^ , s > t j, we have 

\X{s~5v) - X{tk)\ <e, forallwG (0, (s-tfe)/'5]. (3.31) 

We notice that if s G BJ: and s > tk then < s — tk < rik/2, for all fc = 1, . . . , to. Denote by r/ — maxfc=i_..._m rjk- 
Then by p.3ip and Lemma I^TST d) we can pick ^^3^ > such that for every (5 G (0, h^j^ we have 

\De{k,s,S)\ < y, VsG (ffc,tfc + ^), fcG{l,...,TO}. (3.32) 
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Then by ([X^ and ((X^ for all S G (0, It^, the resuh follows. 



Now we are ready to complete the proof of Theorem 11.51 By Lemmas 13.11 
ists h* small enough and ( ^3 33I — 6|jX||oo + ^ such that 

\Jlis,d) + J2is,S)\ 1 



13.71 and by Corollary 



\5f{s + 6,s)\ 



^|Ax(ifc)| 



<£q05t Vfce{l,...,m}, Se{0,h*), P - a.s. (3.33) 



By (|2.1ip . (|3.ip and (|3.2I) we can choose h G (0, h*) to be small enough such that 

\M{t)-M{s)\ 



sup 

0<s<t<l, |t-.s|<i5, seBl 



F{t,s) 



-\^xitk)\ 



<e-q^21 Vfc G {l,...,m}, Se{0,h), P - a.s. (3.34) 



where ^ ^3 341 — ^3.33| + 1- By the construction of the covering , for any point s ^ {ti, t^}, |Ax(s)| < 2e. 
Set q05]= qoi+ 2. Then, by (HMD we get 



"'^'P / ^ sup |Ax(s) 

0<s<t<l, |t-s|<(5 ^V^iS) se[Q,l] 



^ g-test Vfc G {l,...,m}, 
5g (0,/i), P-a.s. 



(3.35) 



Since C]335] is independent of m, and since e was arbitrarily small the result follows. ■ 

4 Proof of Theorem 11.61 

In this section we prove Theorem 11.61 In order to prove Theorem 11.61 wc need the following lemma. 

Lemma 4.1 Let L{t) he a two-sided Levy process with E[L{1)] = 0, iJ[L(l)^] < oo and without a Brownian 
component. Then for P-a.e. uj, for any t G R, a < such that t > a there exists 5 £ {0,t — a) such that 



[{t + S-rf-^ - {t - r)''-']L{r)dr 



<C-\Sf, V\6\<6', 



(4.1) 



where C is a constant that may depend on Lj,t^5 . 

Proof: Fix an arbitrary t G K, and pick 5 G (0, t — a). For all \5\ < 6 



[{t + S- rf-' -{t- rf-']L{r)dr 



N 



[{t + 6 + uf-' -{t + uf-^]L2{u)du 



+ / [{t + d + uf-' -{t + uf-']L2{u)du 
l2j{N, 6)+l2MN, S). 



(4.2) 



Now we use the result on the long time behavior of Levy processes. By Proposition 48.9 from [13], if £'(^2(1)) = 
and £'(£2(1)^) < 00, then 



lim sup ■ 



L2{S) 



-— = (^;[L2(l)^])l/^ p-a.s. 



(2sloglog(s))i/2 

Recall that d < 0.5. Hence by (|4.3p we can pick N = N{uj) > large enough such that 

/>oo 

|/2,2(iV,<5)| < / \{t + S + u)''-^ - {t + u)''-^\u^/^+^du 



(4.3) 



< c-\s\, yse{-s,s), p-a.s. 



On the other hand, for 6 small enough 

1^2,1 (^,'5)1 = 



N 



[{t + 5 + u)-*-! - (t + uy-^]L2{u)du 



(4.4) 



(4.5) 



< C\\L2{u)\\[o,N]\S\ ■ {t - ar-\ ySe{-S,S) 
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where 

\\L2iu)\\[o.N] = sup 1^2 (w) I . 

ue[o,N] 

Then, by (|44)) and (|4?5l) we get for d < 1/2 

|/2,i(iV,,5)+/2,2(A^,5)| < V,5e (-<5',(5'), (4.6) 

and by combining (|4.2p with (|4.6p the resuh foUows. h 

Proof of Theorem 11.61 By Theorem 3.4 in [10] we have 

Md{t)^^J^ [{t-r)i-' -{-rr^-']Lir)dr, tell, P-a.s. (4.7) 

We prove the theorem for the case of t > 0. The proof for the case of i < can be easily adjusted along the 
similar lines. We can decompose Md{t) as follows: 

= M](0+Af2(t), te(0,l), P-a.s. 

By Lemma [2. II we have 

1 r* 

By Theorem 1 1 . 5 1 we have 

lim sup T{d+1) ^^^^^^ "^'^^^''''^ = sup \Axis)\, P-a.s. 

/40 o<s<t<l, \t-s\<h h s6[0,l] 

Therefore, P-a.s. to, for any t G (0, 1), there exists > and Ci > such that 

\M}{t + d)-M^{t)\<C,\S\^, VSe{-S,,S,). (4.8) 
By Lemma [4. 11 P-a.s. w, for any t G (0, 1), there exists 62 > and C2 = C2(w,i) > such that 

\MXt + S)-Mi{t)\ < C2\S\^, VS G (-62,6,). (4.9) 
Hence by (j4.8p and (j4.9p . P-a.s. oj, for any t G (0, 1), we can fix S3 and C = C{Lu,t) such that, 

|Mrf(t + 5)-Mrf(t)| <C|J|^ V,5g (-53,53), 
and we are done. ■ 
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